Abstract. Any compact surface supports a continuous action of the orientation preserving affine group of the real line which is fixed point free (Lima and Plante). It is generally admitted that this action can be taken smooth although it is not easy finding references for it. Here one gives a such action.
Introduction
All structures and objects considered are smooth that is real C ∞ , unless another thing is stated. Manifolds can have nonempty boundary.
A classical theorem by Lima [4] states that any continuous action of R n on a compact surface of nonzero Eule-Poincaré characteristic possesses fixed points. Later on Plante [5] extended this result to connected nilpotent Lie groups (a short proof in class C ∞ of these results can be seen in [6] ), Hirsch and Weinstein [2] to analytic actions of connected super-solvable Lie Groups and finally Hirsch [3] to local nilpotent actions.
Besides Lima and Plante proved that that every compact surface supports a continuous fixed point free action by the (orientation preserving) affine group Af f + (R), the first non-nilpotent Lie group. It belongs to the folklore that any compact surface (with or without boundary) supports a smooth action of Af f + (R) fixed point free. Although this fact can be deduced from other results on surfaces (for instance see [1] ), it seems useful providing an elementary construction of such kind of actions. That is the aim of this work.
For this purpose, if M is a compact surface it suffices finding two vector fields X and Y on it such that:
(b) X and Y are tangent to the boundary of M if any.
(c) There is no common zero of X and Y .
Two lemmas
Lemma 1. For each natural k > 0 there exist real numbers −1 < a 1 < ... < a k < 1 and two smooth functions ϕ, ψ : R → R, where R is equipped with the variable t, such that:
Proof. On R consider the vector fields A = (1 + cost)
smooth function such that:
The vector field Z = f 
on the image under F of this set, which implies B = t
Finally, consider a diffeomorphism G : R → R equals to Id on (−∞, 0], to (t−a) on [a+1, ∞) and to a translation near each F (2ℓπ), ℓ = 0, ..., k−1,
. Then there exists a diffeo-
Moreover G preserves the orientation.
Proof. Since (t 2 e 1/t ∂ ∂t )e −1/t = 1 and [X,
, which is smoothly prolongated to
On the other hand
that prolongs by zero to a smooth vector field Y on (−ε, ∞) × S 1 .
Indeed, given g :
is bounded on this set, which implies that the function
is smooth on R × S 1 . Therefore (set s = e 1/t if t < 0 and s = 0 if t ≥ 0) the functionsf k , k = 1, 2, given bỹ 
Neat holes on R 2
On R 2 , with coordinates (x 1 , x 2 ), when n ≥ 1 one considers the vector (a 1 , b 1 ) , . . . , (a 1 , b n ).
Constructing neat holes at
Up to translation it is enough to consider the case where (a 1 , b j ) = (0, 0), Let ϕ : R → R be a smooth function such that, for some ε > 0:
Since ϕ ∂ ∂t on (−1, 0) and r ∂ ∂r on R + are complete and never vanish there exists a diffeomorphism f :
That gives rise to a diffeomorphism
Thus for a suitable ε > 0 the punctured ball B ρ (0)−{0} can be identified with (−ε, 0)×S 1 , in such a way that X = t 2 e 1/t ∂ ∂t
. By Lemma 2, attaching
way (that is by means of the diffeomorphism G given by this result), provides us with a neat hole of parameter any c = 0.
The neat hole at the infinity of R 2 .
As ϕ 1 and ϕ 2 are bounded on [−1, 1] then
x ≥ ρ for some ρ big enough (for the case n = 0 it is obvious). In other words X is outwardly transverse to any sphere S Finally setting r = er we have X = r Therefore an action of Af f + (R) with no fixed point can be constructed on any compact surface.
